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Abstract

As a simple application of the Newman-Penrose spin coefficient formalism, useful for
beginners, we find the vacuum spherical symmetry (Schwarzschild) solution. The
calculations also show that all spherically symmetric metrics are Petrov type D,

The spin coefficient formalism developed by Newman and Penrose (NP)
(1962) has proved quite useful in finding solutions to the Einstein equations.
The NP formalism is constructed around a tetrad of null vectors [, i, m,, and
iy 1, and ny, are real, m, and i, are complex, the bar denoting complex
conjugate, Space-time quantities such as the Ricci tensor and Weyl tensor are
contracted with the tetrad vectors to give the ®,, (¢, 5=0,1,2) and ¥,
(c=0,1,2,3,4), respectively.

If one equates the Riemann tensor tetrad components in terms of the Weyl
and Ricci tensor components with the tetrad covariant derivatives of the
complex Ricci rotation coefficients, one obtains the 18 NP equations. These
NP equations are written in terms of the 12 complex spin coefficients, which
in turn involve derivatives of the tetrad vectors. The Einstein equations are
incorporated into the NP equations through the substitution of the Ricci
tensor as a function of the energy-momentum tensor.

The other equations to be solved in general are the Bianchi identities
in tetrad form and the commutators of the tetrad derivatives, which when
allowed to operate on the space-time coordinates yield the “metric” equations.
Beginning with geometric requirements on the null tetrad vectors [, and »,
{(e.g., geodesic, shear-free), one obtains the metric by solving these NP and
metric equations and identities, usually making use of the NP special
coordinates.
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As an instructive example in the use of the NP formalism we have solved the
NP equations for the vacuum spherical symmetry solution. The resulting
differential equations will, of course, yield the Schwarzschild solution.

The general spherically symmetric metric is given by (Landau and Lifshitz,
1971)

ds? = e®%dr? — e®dr? — r*(d0* +sin® 0 do?) 4))

where u and v are functions of » and ¢ only. We will do our calculations in the
orthonormal frame

w! =e'dr
w?=rdo
w3 =rsinfd¢ (2)
whr=e'dt

The metric is now simply the Minkowski metric, and a NP null tetrad can
be written as

L =@ +8,HN2
ny = (=8, +8,H/2 3)
my, = (8,% +i8,\2
my, = (8, — 8,22
The spin coefficients are

k=g=7=p=A=71=0 ®
p=p=e"\2r %)
a=—f=cotan 8/2/2r (6)

€= (1/V2u,qe™ — v,1€™) N
Y= ~(U/2V2) Uy 467" +v,16™) (3

where the comma denotes partial differentiation.
Substitution of these into the NP equations yields

Dp=p?+2ep+ P ©)
Ap=—p® —2yp — Py (10)

Dy —Ae=—4ey+ ¥, —A+ Py (11)
By =V, —A—p?+r2)2 (12)
$po =¥, +2A —4ep (13)

@22 =‘L’2 +2A-4’7p (14)
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Vo=, =¥;=¥,=0 (15)
Dy =P =Py =0 (16)

Note that from (15) spherically symmetric metrics are Petrov type D (Newman
and Penrose, 1962).
In empty space the Ricci tensor and its tetrad components vanish:

oo =Py =P =A=0 (17
Equations (9) and (10) yield

Uyyg4 = 0 (18)
(u+v)’1 =0 (19)
e=vy (20)

Subtracting equations (12) and (13) with the use of (17) and integrating
the resulting differential equations, we get

e =(1—rofr)”" (21)
where 7, is a constant. Now, integrating (19) we get
e = (1 — ro /N2 (22)

where f(£) is an arbitrary function of z. Since 2" multiplies; d#? in the metric,
we can perform coordinate transformation
ar' = f(f)dr (23)
and dropping the prime
ds? = (1 —ro/di* — (1 —ro/r) 7V dr® —r? (@6 +sin® 6d0%)  (24)

which is the Schwarzschild metric.

These results are, of course, very well known; however, calculations of this
type provide good practice for anyone learning the NP spin coefficient formal-
ism. This procedure also tells us that all spherically symmetric space-times are
Petrov type D—a fact that is otherwise not obtained so easily. We have found no
other simple applications such as this in the literature.
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